Abstract. Suppose M is a maximal ideal of a commutative integral domain R and that some power M n of M is finitely generated. We show that M is finitely generated in each of the following cases: (i) M is of height one, (ii) R is integrally closed and ht M = 2, (iii) R = K[X;S] is a monoid domain over a field K, whereS = S ∪ {0} is a cancellative torsion-free monoid such that ∞ m=1 mS = ∅, and M is the maximal ideal (X s : s ∈ S). We extend the above results to ideals I of a reduced ring R such that R/I is Noetherian. We prove that a reduced ring R is Noetherian if each prime ideal of R has a power that is finitely generated. For each d with 3 ≤ d ≤ ∞, we establish existence of a d-dimensional integral domain having a nonfinitely generated maximal ideal M of height d such that M 2 is 3-generated.
Introduction
All rings in this paper are commutative with unity. We consider the following question:
Question 0.1. Suppose that some power M n of the maximal ideal M of an integral domain R is finitely generated. Does it follow that M is finitely generated?
This question is raised in [3, page 74] and was mentioned in a talk given by the first author at the AMS meeting in Auburn, Alabama in November 1971. It is also listed, for the case of a quasilocal integrally closed domain, as Problem 8 in the questions list on pages 174-176 in the 1973 Notices of the AMS from the problem session organized by Graham Evans at the January 1973 AMS meeting in Dallas.
We answer Question 0.1 in the negative in §3. We also consider the following generalization of Question 0.1.
Question 0.2. Suppose I is an ideal of a ring R such that R/I is Noetherian. If some power of I is finitely generated, under what conditions is I finitely generated?
In §1 we present positive results on these two questions. Regarding Question 0.1 we prove in Theorem 1.24, among other results, that the maximal ideal M is finitely generated under each of the following conditions: (i) R is a reduced ring and ht M = 1, (ii) R is an integrally closed domain and ht M = 2. We would like to know the answer to Question 0.1 if R is an integrally closed (or even completely integrally closed) domain, eventually assuming that M is of finite height.
Regarding Question 0.2 we prove in Theorem 1.10, among other results, that I is finitely generated if I is the radical of an ideal generated by a nonempty regular sequence. Also in §1 we present for the case of a reduced ring an analogue to Cohen's Theorem [8, (3.4) ]. We assume in Theorem 1.17 that each prime ideal of a reduced ring R has a power that is finitely generated and conclude that R is Noetherian. Moreover, if R is semiquasilocal, we prove that R is Noetherian if each prime of R of positive height has a finitely generated power (Theorem 1.20).
The context in which Question 0.1 was raised in [3] makes it natural to consider the question in a monoid domain over a field. Thus in §2 we prove that the analogue of Question 0.1 for a commutative cancellative semigroup S has a positive answer provided ∞ m=1 mS = ∅ (Theorem 2.3). We establish in Proposition 2.1 the connection between these two aspects of Question 0.1 (for semigroups and for rings), and this allows us to conclude in Theorem 2.5 that if R = K[X; T ] is a monoid ring over a field K, where T is a cancellative monoid, S = T \ {0}, ∞ m=1 mS = ∅, and M is the maximal ideal (X s : s ∈ S), then M is finitely generated if some power of M is finitely generated. Without the restriction ∞ m=1 mS = ∅, we show in Example 3.2 that the ideal M need not be finitely generated.
Powers of ideals
The main tool for dealing with Questions 0.1 and 0.2 is Theorem 1.9, which states that under the hypothesis of Question 0.2 the ideal I is finitely generated if I is the radical of a principal ideal and cI = (0) for each nonzero c ∈ I. The proof of Theorem 1.9 is based on Lemma 1.4. Moreover, Lemma 1.8 reduces Question 0.1 to the case of quasilocal rings, and Lemma 1.7 reduces Question 0.2 to the case of radical ideals. Lemma 1.1. Let J ⊆ I be ideals in a ring R such that I n = J n for some positive integer n. Then I m = I i J m−i for all m ≥ n and 0 ≤ i ≤ m.
Proof. Since J ⊆ I, the ideal I i J m−i lies between I m and J m . Thus it suffices to show I m = J m . Moreover, I n = JI n−1 implies I n+1 = JI n = J n+1 . The lemma follows by induction.
Lemma 1.2. If I is an ideal of a ring R such that I
n is finitely generated for some n ≥ 1, then there exists a finitely generated ideal J ⊆ I such that I n = J n .
Proof. Let I n = (a 1 , . . . , a k ). By definition of I n , the element a j is a finite sum of products of n elements of I, and hence belongs to B n j for some finitely generated subideal B j of I. Set J = B j . Remark 1.3. Suppose M is a maximal ideal of a ring R such that M n is finitely generated for some n ≥ 1. Lemmas 1.1 and 1.2 imply that there exists a finitely generated ideal I ⊆ M such that M is the Ratliff-Rush closure of I in the sense that M is the largest ideal containing I and having the same high powers as I [10] , [6] . In particular, M is integral over I.
In connection with generators of powers of an ideal, Eakin and Sathaye prove in [1, page 440 ] the interesting result that if I is an ideal of a quasilocal ring with infinite residue field and if n and r are positive integers such that I n can be generated by fewer than n r elements, then there exists an r-generated ideal J ⊆ I such that JI n−1 = I n .
Assume that all the R-modules ( e j=1 I j )M for 0 ≤ e ≤ k are finitely generated (for e = 0 we have e j=1 I j = R). Then the R-module K is finitely generated.
Proof. Consider the sequence of R-modules: N = (
Each quotient of two successive modules in this sequence is a finitely generated module over the Noetherian ring R/I j for a suitable j, and is therefore a Noetherian R-module. It follows that M/N is a Noetherian R-module, hence K/N , and so also K, is finitely generated. Proof. Assume that R/I is Noetherian and that I is finitely generated. Thus √ I is finitely generated. For some m ≥ 1 we have (
By Lemma 1.4 with I j = √ I for all j, the ideal J is finitely generated. Since the ring R/ √ J is Noetherian, and since √ J is finitely generated, we obtain that all prime ideals of the ring R/J are finitely generated. By Cohen's Theorem [8, (3.4) ], R/J is Noetherian. Corollary 1.6. Let I be an ideal of a ring R. Assume that R/I is Noetherian and that I n is finitely generated for some n ≥ 1. Then I is finitely generated iff the ring R/I n is Noetherian. Lemma 1.7. Let I be an ideal of a ring R. Assume that the ring R/I is Noetherian and that some power of I is finitely generated. Then √ I also satisfies these two conditions. Moreover, I is finitely generated iff √ I is finitely generated.
Proof. Assume that I n is finitely generated. Since the ring R/I is Noetherian, we have (
kn is finitely generated. By Lemma 1.5, I is finitely generated iff √ I is finitely generated. Lemma 1.8 reduces Question 0.1 to the case where M is the maximal ideal of a quasilocal ring; we omit its standard proof.
Lemma 1.8. Suppose M is a maximal ideal of a ring R that is the radical of a finitely generated ideal. Then the ideal M of R is finitely generated iff the ideal
Theorem 1.9. Let I be an ideal of the ring R such that R/I is Noetherian and some power of I is finitely generated. If cI = (0) for all nonzero elements c ∈ I (this holds if R is reduced), and if √ I = √ xR for some x ∈ R, then I is finitely generated.
Proof. We have x m ∈ I for some m ≥ 1. Replacing x by x m we may assume that x ∈ I. Choose n minimal so that the ideal I n is finitely generated. Assume that n > 1. We may choose k so that I k ⊆ xI. Thus I k+n−2 ⊆ xI n−1 ⊆ I n , and Lemma 1.4 shows that xI n−1 is finitely generated-say xI n−1 = xJ, where J is a finitely generated subideal of I n−1 . We have (0 : I x) ⊆ (0 : I I k+n−2 ), and since (0 : I I) = (0), then (0 : I I k+n−2 ) = (0) as well. Thus (0 : I x) = (0), so that x is not a zero-divisor on I. Hence I n−1 = J is finitely generated, contradicting the minimality of n. Thus n = 1, and I is finitely generated. Theorem 1.10. Let I be an ideal of the ring R. Assume that R/I is Noetherian and that some power of I is finitely generated. Then I is finitely generated in each of the following cases:
(1)
, where J is a finitely generated ideal of R and x is a regular element mod J.
R is a reduced ring, and
Proof. Item (1) follows from Theorem 1.9 (applied to the ring R/J), and (3) also follows from Theorem 1.9. Item (2) is a particular case of item (1).
Remark 1.11. Theorem 1.10 and other results of this type can be combined with Lemmas 1.7 and 1.5 to produce further results. In Theorem 1.10, for example, we may replace the assumptions on I that R/I is Noetherian and that some power of I is finitely generated by the same assumptions on √ I.
Lemma 1.12. Let x be a regular element in a ring R such that R/ √ xR is Noetherian. If some power of
√ xR is finitely generated, then the ring R/xR is Noetherian, and thus, in particular, √ xR is finitely generated.
Proof. By Theorem 1.10 (2) the ideal √ xR is finitely generated. By Lemma 1.5 the ring R/xR is Noetherian. Remark 1.13. We recall from [9] that the following conditions are equivalent for a ring R: (1) Spec R is Noetherian, (2) Each radical ideal of R is the radical of a finitely generated ideal, (3) Each prime ideal of R is the radical of a finitely generated ideal, (4) R satisfies the ascending chain condition on prime ideals and over each ideal there are only finitely many minimal primes. Lemma 1.14. Let R be a reduced ring such that for each minimal prime P the ring R/P is Noetherian. Assume also that R has only finitely many minimal primes or that each minimal prime is the radical of a finitely generated ideal. Then R is Noetherian.
Proof. Remark 1.13 shows that in either of the two cases, R has only finitely many minimal primes: P 1 , . . . , P n . Since R/P i is Noetherian for each i we conclude that [8, (3. 16)]. Lemma 1.15. Let R be a ring such that for each minimal prime P the ring R/P is Noetherian and some power of P is finitely generated. Then the ideal N = (0) is nilpotent.
Proof. By Remark 1.13, R has only finitely many minimal primes P 1 , . . . , P k . Assume that the ideals P n 1 , . . . , P n k are finitely generated. We have N k ⊆ P 1 . . . P k , and hence
n is finitely generated, it is nilpotent, as is N . Lemma 1.16. Let R be a ring and let x be a regular element of R. Assume for each minimal prime P over x that the ring R/P is Noetherian and that some power of P is finitely generated. Then the ideal xR contains a power of its radical, and the ring R/xR is Noetherian; in particular, √ xR is finitely generated.
Proof. By Remark 1.13, xR has only finitely many minimal primes P 1 , . . . , P k , and by Lemma 1.15, xR contains a power of its radical. Assume that the ideals P n 1 , . . . , P n k are finitely generated. If M = (P 1 . . . P k ) n , then M is a finitely generated R-module such that P kn is finitely generated. Since R/ √ xR is Noetherian by Lemma 1.14, we obtain by Lemma 1.12 that the ring R/xR is Noetherian as well. Theorem 1.17. Let R be a reduced ring. Assume that each prime ideal of R has a power that is finitely generated. Then R is Noetherian.
Proof. By Lemma 1.14 it is enough to prove that R/P is Noetherian for each minimal prime P . Thus we may assume that R is an integral domain. Assume that R is not Noetherian. Since Spec R is Noetherian, there is a prime ideal Q that is maximal in the set of prime ideals of R so that R/Q is not Noetherian. Replacing R by R/Q we may also assume that R/P is Noetherian for any nonzero prime ideal P . Let P be a nonzero prime ideal of R and let x be a nonzero element in P . By Lemma 1.16, P/xR is finitely generated, and so is P . It follows that R is Noetherian.
It is easy to give an example of a zero-dimensional quasilocal ring (R, M ) such that M is not finitely generated but M 2 = (0). Thus Theorem 1.17 does not hold for a general ring R. (ii): If R/ (0) is Noetherian, we show that R is Noetherian under each of the conditions (2)-(4). Assuming (2), let P be a prime ideal of R, and let P 0 be a minimal prime contained in P . Since R/ (0) is Noetherian, the ring R/P 0 is also Noetherian. Thus P/P 0 is finitely generated, and so is P . By Cohen's Theorem R is Noetherian. Assuming (3) we may use Cohen's Theorem again since any prime ideal contains (0). Assuming (4), let N = (0) so that N n = (0) for some n ≥ 1. We have N = I + N 2 for some finitely generated ideal I contained in N . Thus N = I + (I + N 2 ) 2 = I + N 4 = . . . . Since N is nilpotent, we see that N = I. By (3) the ring R is Noetherian.
Corollary 1.19. Let I be an ideal of a ring R such that the ring R/I
is Noetherian and such that some power of I is finitely generated. Then I is finitely generated iff each minimal prime over I is finitely generated.
Proof. Let I n be finitely generated. By Corollary 1.6, I is finitely generated iff R/I n is Noetherian. Now apply Proposition 1.18(ii) [(1) ←→ (2)] to the ring R/I n . Theorem 1.20. Let R be a reduced semiquasilocal ring. If each prime ideal of R of positive height has a power that is finitely generated, then R is Noetherian.
Proof. By Lemma 1.14 and Theorem 1.17, it is enough to show that R has only finitely many minimal primes. Thus we may assume that (R, M ) is quasilocal. If dim R = 0, then R is a field. Assume that dim R > 0. The ideal M has a finitely generated power, so M = (m 1 , . . . , m k ), where each m i is nonzero. Since R is reduced, each (0 : m i ) is a radical ideal,
, and the image of m i in the ring R/(0 : m i ) is regular for each i. It suffices to show that the ring R/(0 : m i ) has only finitely many minimal primes for each i. Hence we may assume that R contains a regular element x. Let P be a minimal prime of R. Since each minimal prime over x is of positive height, by Lemma 1.16 the ring R/xR is Noetherian. It follows that the ideal P + xR is finitely generated. Thus P ⊆ I +xR, where I ⊆ P is a finitely generated ideal; we conclude that P = I +xP . In the ring R = R/ √ I we have P ⊆ ∞ n=1 x n R. For each prime Q of R the ring R/Q is a Noetherian local domain by Theorem 1.17, so,
x n R = (0), which implies that P = √ I. By Remark 1.13, R has only finitely many minimal primes.
The following corollaries are immediate from Theorem 1.20.
Corollary 1.21. If (R, M ) is a quasilocal one-dimensional reduced ring such that some power of M is finitely generated, then R is Noetherian.

Corollary 1.22. If (R, M ) is a one-dimensional quasilocal integrally closed domain having the property that some power of M is finitely generated, then R is a rank-one discrete valuation domain (DVR).
Question 0.2 has an easy affirmative answer if the property "finitely generated" is replaced by "invertible" (without assuming that R/I is Noetherian); for if some power of an ideal I is invertible (in particular, a principal ideal generated by a regular element), then I is invertible, hence finitely generated. For invertible ideals, see [4, §7] . It would be interesting to know if there exists a non-finitely generated ideal I in an integral domain such that I 2 is 2-generated.
Lemma 1.23. Suppose M is a maximal ideal of an integrally closed domain R.
If M n is finitely generated for some n ≥ 1 and M is divisorial, then M is invertible and hence finitely generated. Proof. By Lemma 1.8, in parts (1)- (4) we may assume that R is quasilocal. Part (1) follows from Theorem 1.9, and parts (2) and (3) (5), first let M be a minimal prime over (x, y). Since M is not divisorial, it follows that the ideal M/xR of the ring R/xR is not an annihilator. We conclude by (1) that M is finitely generated. If ht M ≤ 2, we may assume by (4) that M is not a minimal prime over a principal ideal. Hence, if 0 = x ∈ M , then ht(M/ √ xR) = 1, and the ring R M / √ xR M is Noetherian by Corollary 1.21. Thus M is a minimal prime over (x, y) for some y ∈ M, which implies that M is finitely generated. Part (6) follows from (5) and from Lemma 1.23. Corollary 1.25. Let R be a ring and let M be a maximal ideal of R. If some power of M is finitely generated and if, for some ideal I of R and x ∈ R, the ideal M is a minimal prime over I + xR, then the R-module M/( √ I) is finitely generated.
Proof. Replacing the ring R by R/ √ I we may assume that R is reduced and that M is a minimal prime over x. By Theorem 1.24 (1), M is finitely generated.
Semigroups and monoid rings
All the semigroups and monoids in this section are commutative and are written in additive notation. If S is a semigroup, we denote byS the monoid S ∪ {0} obtained by adjoining a zero element to S. For a semigroup S and a field K, let K[X;S] be the monoid ring ofS over K. If S is cancellative and torsion-free, it is well known that K[X;S] is an integral domain [5, page 82] . For an additive semigroup S and a positive integer m, we use mS to denote the ideal consisting of all sums s 1 + s 2 + · · · + s m , where each s i is an element of S. Proposition 2.1. Let S be a semigroup with 0 / ∈ S and let K be a field. Let M be the ideal of the monoid ring K[X;S] generated by {X s : s ∈ S}, and let n be a positive integer. Then M n is finitely generated as an ideal of K[X;S] if and only if nS is finitely generated as an ideal of the semigroup S. In particular, with n = 1, the maximal ideal M of K[X;S] is finitely generated if and only if S is finitely generated as an ideal of S.
Proof. By definition M
n is generated by {X s : s ∈ nS}. Moreover, M n is finitely generated if and only if it is generated by {X a : a ∈ A} for some finite subset A of nS. For any subset A of S and any s ∈ S the element X s belongs to the ideal in K[X;S] generated by {X a : a ∈ A} iff s belongs to the ideal of S generated by A. The proposition follows.
Proposition 2.2. Let S be a semigroup and n a positive integer. If nS is finitely generated as a semigroup, then nS is also finitely generated as an ideal of S. Conversely, if
∞ m=1 mS = ∅ and if nS is finitely generated as an ideal of S, then nS is contained in a finitely generated subsemigroup of S; in particular, if n = 1, then S is a finitely generated semigroup.
Proof. If A is a set of generators of nS as a semigroup, then A generates nS as an ideal of S. Conversely, assume that ∞ m=1 mS = ∅ and that A = {a 1 , . . . , a k } generates nS as an ideal; thus nS = k i=1 (a i +S). For each i let a i = n j=1 α ij , where the elements α ij are in S. Let B be the set of all the elements α ij , and let T be the subsemigroup of S generated by B. We show that nS ⊆ T . Let x ∈ nS. Since
, contradicting the maximality of m. It follows that s = 0 and that x ∈ T . Hence nS ⊆ T , as claimed.
As seen from the proof of Proposition 2.2, if ∞ m=1 mS = ∅ and A is a subset of S, then A generates S as a semigroup iff A generates S as an ideal of S.
Theorem 2.3. Let S be a cancellative commutative semigroup such that
∞ m=1 mS = ∅ and such that for some integer n ≥ 1 the ideal nS of S is finitely generated. Then S is finitely generated as a semigroup.
Proof. By Proposition 2.2, the semigroup nS is contained in a semigroup that is generated by a finite set {a 1 , . . . , a k }. We show that S \ 2S is finite. Otherwise, let x 1 , x 2 , . . . be an infinite sequence of distinct elements in S \ 2S. Let c be any element in nS. For each i we have in S ∪ {0} the equation c + x i = k j=1 n ij a j , where each n ij is a nonnegative integer. Since the monoid (N k , +) is Noetherian, we see that there are integers i < r such that n ij ≤ n rj for all 1 ≤ j ≤ k. Hence c + x r = c + x i + x, where x ∈ S. Since S is cancellative, we obtain x r = x i + x contradicting the assumption that x r / ∈ 2S. We now show that the semigroup S is generated by S \ 2S. Indeed, if x ∈ S, then there is an integer m ≥ 1 such that x ∈ mS \ (m + 1)S. If x = s 1 + · · · + s m in S, then s 1 , . . . , s m are in S \ 2S.
As seen from the proof of Theorem 2.3, if S is a cancellative semigroup such that ∞ m=1 mS = ∅, then S is generated as a semigroup by S \ 2S; moreover, S is finitely generated iff S \ 2S is finite since a subset of S generates S as a semigroup iff it contains S \ 2S.
In the next proposition we apply Theorem 2.3 to Archimedean monoids. We recall that an ordered monoid (S, <) is Archimedean if for any two elements a > 0, b > 0 of S, there exists a positive integer k such that ka > b. Proposition 2.4. Let (S, <) be an Archimedean monoid such that S * = S \ {0} consists of positive elements. Suppose for some integer n ≥ 1 the ideal nS * of S is finitely generated. Then S is finitely generated as a monoid.
Proof. We first show that S * has a smallest element. Assume the ideal nS * of S is generated by {a 0 , a 1 , . . . , a k }. We may assume that a 0 < a 1 < · · · < a k . Then a 0 is the smallest element of nS * . Moreover, if we write a 0 = c 1 + c 2 + · · · + c n , where each c i ∈ S * and c 1 ≤ c 2 ≤ · · · ≤ c n , then a 0 ≥ nc 1 . Hence a 0 = nc 1 . If c ∈ S * , then nc ∈ nS * , so nc ≥ a 0 = nc 1 and c ≥ c 1 . Therefore c 1 is the smallest element of S * . Since mc 1 is the smallest element of mS * for each m and since the Archimedean property of S implies that no element of S is greater than each mc 1 , we see that ∞ m=1 mS * = ∅. By Theorem 2.3 we conclude that S is finitely generated.
As a result of Proposition 2.1 and Theorem 2.3 we obtain: Theorem 2.5. Let K be a field, and S be a cancellative semigroup satisfying the property ∞ m=1 mS = ∅. Let M be the ideal of the monoid ring K[X;S] generated by {X s : s ∈ S}. If some power of the maximal ideal M is finitely generated, then M is finitely generated. Corollary 2.6. Let K be a field and let R be a K-subalgebra of the polynomial ring K[X 1 , . . . , X n ] that is generated by a set L of monomials. Let M be the ideal of R generated by L. If some power of M is finitely generated, then R is finitely generated as a K-algebra and M is finitely generated as an ideal of R.
Proof. Let S be the subsemigroup of (N n , +) generated by the elements {(i 1 , . . . , i n ): X i1 1 . . . X in n ∈ L}. Since R is isomorphic as a K-algebra to the monoid algebra K[X;S], the corollary follows from Theorem 2.5.
Examples and further remarks
As mentioned after Theorem 1.17, it is easy to give an example of a commutative ring R having a non-finitely generated maximal ideal M such that M 2 = (0), so, in particular, M 2 is finitely generated. There are also examples where an integral domain R has a non-finitely generated prime ideal P such that P 2 is finitely generated. A general method for constructing such examples is as follows: Example 3.1. Let T be a non-Noetherian integral domain and let I be a nonfinitely generated ideal of T . Let R denote the subring R = T [X 3 , X 4 , IX 5 ] of the polynomial ring T [X]. Then P = (X 3 , X 4 , IX 5 ) is a non-finitely generated prime ideal of R with the property that P 2 = (X 6 , X 7 , X 8 ) is finitely generated. Note that in this construction we have R/P ∼ = T , so P is a nonmaximal prime ideal. Example 3.2. For each d with 3 ≤ d ≤ ∞ there exists a d-dimensional integral domain T having a nonfinitely generated maximal ideal P with ht P = d such that P 2 is 3-generated and such that there exists a 2-generated ideal I contained in P with I 2 = P 2 . If d = ∞, then T can be chosen to be a monoid domain K[X; S] over a field K, where P is the ideal generated by {X s : s ∈ S}.
Let K be a field and let {X n } n≥1 be independent indeterminates over K. First assume that d is finite and let L be the field
] n≥1,m≥1,i≥3 .
Let P = (X n ) n≥1 . It is easy to show that P is a maximal ideal of T and that P 2 = (X 1 , X 2 ) 2 . Assume that P is finitely generated. Then X n+1 ∈ (X 1 , . . . , X n ) in T for some n ≥ 2. By considering any nonzero element of T as a rational function in the indeterminates {X n } n≥3 over the field K(X 1 , X 2 ) and by using its total degree in {X n } n≥3 , we view T as an N-graded ring. A nonzero element of L is of degree 0. Since X n+1 is homogeneous of degree 1 and since each element of T is a linear combination over L of finite products of elements in the set {X n , X 1 X i X m
